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Circular-Arc Inclusion at Isotropic Bimaterial Interface

C. K. Chao* and M. H. Shen*
National Taiwan Institute of Technology, Taipei, 106 Taiwan, Republic of China

A general solution to the circular-arc inclusion problem in bonded dissimilar media is provided. The proposed
analysis is based on the use of Hilbert problem formulation, and a special technique of analytical continuation.
The general expressions of the complex potentials are derived explicitly in both the circular inhomogeneity and the
surrounding matrix. Several specific solutions are provided in closed form which are verified by comparison with
existing ones. Numerical examples of composite materials under uniform remote load or a point force acting on
the inclusion surface are examined and detailed results are presented. The oscillatory behavior in tractions along
the interface is also discussed.

I. Introduction

T HE characteristics of the stress field near the tip of a line inclu-
sion have been extensively studied. A review on the related sub-

ject was given by Mura.1 Based on the equivalent inclusion approach
of Eshelby2 and the complex variable method of Muskhelishvili,3

Wang et al.4 have considered the problem of a rigid line inhomo-
geneity in an isotropic elastic body under remote loading. They
found analytical expressions of the corresponding elastic field and
examined the characteristics of the resulting stress singularity. The
same problem has also been considered by Erdogan and Gupta,5
Atkinson,6 and Ballarini,7 among others. Based on Stroh8 formal-
ism for anisotropic elasticity, a line inclusion in an anisotropic elastic
solid has been treated by Li and Ting.9 Wu 10 studied a line inclusion
at the interface of an anisotropic bimaterial and found that the near-
tip stress field exhibits oscillatory singularities of the type r~2±y*
with r being the distance measured from the tips of the line inclusion
and y* a bimaterial constant. In Wu's paper,10 the strain intensity
factors are introduced to characterize the near-tip fields instead of
using the stress singularity coefficients proposed by Wang et al.4
All of the aforementioned investigators have concentrated on the
plane problem of a line inclusion in an infinite medium. The corre-
sponding problem associated with curvilinear inclusions has been
rather limited. Recently, Chao and Shen11 gave exact solutions of
the elastic and thermoelastic problem with a rigid circular-arc in-
clusion. They showed that near-tip stress field exhibits a square-root
singularity similar to the case of a traction-free crack.

In this paper, a circular-arc inclusion at an isotropic bimaterial
interface is investigated. The Hilbert problem formulation and a
special technique of analaytic continuation are employed to derive
the stress and displacement fields in an explicit form. The general
solution of the present problem is provided in Sec. II. The external
loads considered in this study consist of a remote uniform load and
concentrated force acting on the inclusion surface which are dis-
cussed separately in Sec. Ill and Sec. IV, respectively. In Sec. V,
numerical examples for commonly used fiber reinforced compos-
ite such as carbon/aluminum and tungsten/aluminum systems are
given to illustrate the use of the present approach. Finally, Sec. VI
concludes the article.

II. Formulation and Solution of the Problem
Consider two homogeneous, isotropic elastic materials. Let one

occupy the region S+, interior to the unit circle, r = 1, whereas
the other occupies the infinite region S~, exterior to the unit circle,
Fig. 1. The elastic properties of the material in S+ can be specified
by the constants IJL\ and K\ and those of the material S~ by ̂  and
K2 where p,j are the shear modulus, and K]-, = (3 - v / ) /U + v / ) for
generalized plane stress and KJ = (3 - 4v;) for plane strain with
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Vj(j = 1.2) the Poisson's ratio. If the interface between the two
materials contains a rigid-arc inclusion, then it can be represented as
L and L*, where L denotes the rigid-arc inclusion and L* denotes the
remaining part of the interface. The arc inclusion is denoted as L =
ab, and t — ei(p are the point on the circle \z\ — L In this problem,
the applied load may cause a translation and rotation of the inclusion.
It is assumed that the arc inclusion only rotates about its center by an
angle € by eliminating a rigid translation in the entire system. Then,
the displacement vector of the rigid inclusion can be put in the form

V(t) = u = let on L (1)

To formulate the boundary value problem, the displacement will be
specified on L whereas the continuity of the stresses and displace-
ments are required on L*, i.e.,

u~

onL

onL

and

(o>)i + /(r r0)i = (<*r)2 + /(r r0)2 , on L*

u } + iv\ = ii2 + / t > 2 » on L*

(2)

(3)

(4)

(5)

where the subscripts 1 and 2 stand for the physical quantities oc-
cupying in S+ and 5~, respectively, and the superscripts 4- and -
in Eqs. (2) and (3) are used to denote the boundary values of the
displacement as they are approached from S+ and S~, respectively.
For the two-dimensional theory of isotropic elasticity, the compo-
nents of the stress and displacement can be expressed in terms of
the complex functions <E> ;-(z) and Vj(z). It follows3

( C f r ) j

i(Tre)j =

= 2[<D;(Z) (6)

(8)

with

0; t ) - CD . (Z) , (7 = 1, 2)
where the overbar denotes the conjugate of the complex function.
To avoid having to consider directly the functions 0y- (z), i/O U)» dif-
ferentiating Eq. (8) with respect to <p, it gives

—
o(p

(9)
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Fig. 1 Circular-arc inclusion on the interface of two isotropic mate-
rials.

For problems involving arcs of discontinuities, it is convenient to
further introduce the functions3

Making use of Eqs. (9) and (10), Eqs. (2-5) can now be expressed
in terms of O,(z), fy(z) as

», onL

», on L (12)

and

4>i(0 + £2i(0 = $2(0 + ^2(0, on^* (13)

J_ _ - _L

Hence, a complete solution to the bimaterial inclusion problem
has been reduced to the evaluation of four complex functions
<f>7(z), £2./(z), (y = l, 2), which must satisfy the conditions as given
by Eqs. (11-14). A knowledge of the behavior of the complex func-
tions for small and large values of |z| is pertinent to the solutions
of the dissimilar media problem. First of all, since Oi (z) and ̂ i (z)
are holomorphic in S+ they must take the forms

^(z) = AQ + AIZ + A2z2 + • • • for |z| < 1 (15)

^i(z) = BQ + B\z -f B2z2 + • • • for |z| < 1 (16)

From Eqs. (10), (15), and (16), &\(z) is found to be holomorphic in
S~. Therefore,

—z for|z|

where

(17)

(18)

In the region 5", O2(z), and %(z) are holomorphic including the
point at infinity, i.e.,

a\
= OQ + — + • + • • • f o r | z | > l (19)

• + • •• f o r | z | > l (20)

Substituting Eqs. (19) and (20) into Eq. (10) yields

f o r | z | < l (21)

which is holomorphic in S+ with the exception of the point z = 0,
and £(z) is a polynomial in positive powers of z. The constants
aQ,a\ and bo, ^i appearing in Eqs. (19) and (20), respectively,
can be found immediately by following the procedure described

in Muskhelishvili3 for the case of one material. If aj30 and cr2°° de-
note the values of the principal stresses at infinity and &> the angle
made by the direction of a™ with the ;c axis, then

(22)

K2(X-iY)

(23)

(24)

where s°° is the rotation at infinity, X and Y are_the resultant forces
acting on L, and a\ is related to b\ by a\ = -Z?i//c2. To reduce the
boundary problem to the solution of linear relationship or Hilbert
problem, we must extend all complex functions 3>7(z) and fi/(z)
into the whole region. Starting from the assumptions that the stresses
and displacements are continuous over the bonded segments of the
circle |z| = 1, Eqs. (13) and (14) may be regarded as the conditions
of analytic continuation of <l>; (z) and £2; (z) from S+ to S~ across
L*. Now, <&i(t) and £2i(0 in Eqs. (13) and (14) may be solved ex-
plicitly in terms of $2(0 and £22(0* and the resulting expressions
are valid everywhere in the z plane as

(25)

(26)

Substituting Eqs. (15) and (21) into Eq. (25), the definition of the
function $2(2) can be extended into the region S+ by allowing poles
up to the second order at z = 0. This gives

for|z| (27)

where 77 (z) is a function holomorphic everywhere in the region S+,
and

JJ.2
(2g)

Similarly, substituting Eqs. (17) and (19) into Eq. (26), the function
£22(z) can also be extended into the region |z| > 1 as

n2(z) = f (z) (29)

where £(z) is a holomorphic function everywhere in S~. Inserting
Eqs. (25) and (26) into the boundary conditions Eqs. (11) and (12)
and solving them simultaneously yields

-
K2

^2(0 =
J

U2(0 + — n2(0
L Kl J

a
K\

f ( t ) (30)

= *(/) (3D

where
2KlfJL2

2(l

g(t) =

(32)

(33)

Since in this problem V'+(t) = V'~(t) = €/ , Eqs. (32) and (33)
become

/(O = 2/£m}

^(0 - 0

where

mi = K2)

(34)

(35)

(36)
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and they must satisfy the Holder condition on L. The parameter a
appearing in Eqs. (30) and (31) stands for

Mi + M2/Q

Knowing that Eq. (31) is a Plemelj equation for the function
<3>2(z) + (ct/Ki)Q2(z), and using the properties from Eqs. (21) and
(27), we have

(37)

Furthermore, the nonhomogeneous Hilbert equation (30) gives

— +
D2

where the Plemelj function

X(z) = (z- ar*+ift(z

The exponent ft appearing in Eq. (39) is

(38)

(39)

ft = — log —a
2n

which is referred to as a bielastic constant. It is noted that singulari-
ties of the stress field near the arc inclusion tip are the same as those
for the corresponding line inclusion problem.12

By means of Eqs. (25), (26), (37), and (38), the general solution
involving the four unknown functions O7(z), Q_/(z), (j — 1, 2),
may be arranged into a compact form as follows:

and

(41)

K\K2(lJL2 + Ml ^2)

#4 =

y 1^2 (MI

The line integral appearing in Eq. (44) can be evaluated by residual
theory, and the result is

X(z.) f 2i€tnl
2ni JL

2m i

dt

(46)

The quantities t\ and t2 in Eq. (37) may be associated with the
coefficients of the series given by Eqs. (21) and (27) as

(47)

h = ~-

Using the behavior of the stress function <l>2(z) — (l//c2)£22(z) near
the point \z\ = 0 and .applying Eq. (46), there follows

z

In addition, the constants <?0> CQ, and c\ may be determined by apply-
ing the behavior of the stress functions <f>2(z) for large values of \z\
in conjunction with Eq. (18). Now, we have completed the general
solution to the given problem once the rotation angle € is determined
such that the resultant moment of the force, acting on the inclusion
from the surrounding material, must vanish. In the following work,
two different loading cases are considered to illustrate the use of the
present approach.

III. Uniaxial Tension at Infinity
As an application to the theory, consider an uniform load p di-

rected at an angle a) applying at infinity and no resultant force acting
on the rigid inclusion. It implies

where

-K

2jr»

!i !L
7 72

and
+ M2/QXM2

M2(l

L2 ~ Ml) (M2

(44)

(45)

2 — M l ) ( M 2

^2 (Ml + M2Kl)(M2*"l ~ Ml ̂ 2)

/Ci/c2(Mi

Referring to Fig. 2, the circular-arc inclusion subtends an angle of
20 symmetrically with the positive jcaxis. The ends of the cut L
are located at a = exp(— iO) and b = exp(/0) on z\ = 1. Hence,
Eq. (39) becomes

= (z -

Expanding Eq. (50) near z = 0 renders

where

(50)

(51)

3 cos 2(9-
M2 =

The constants D{ and D2 can be obtained in a straightforward man-,
ner from Eq. (49). The results are

M2

2 + Mi^2) 2
(52)

(53)
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Fig. 2 Circular-arc inclusion in bonded dissimilar materials under uni-
form remote load.

Now, the supplementary condition equivalent to Eqs. (15), (17), and
(18) gives

(54)

Inserting Eqs. (40) and (41) into Eq. (54) and using the property of
X(z)forlarge|z|

for|z| > 1

where

NI = cos0 -2ft sin 9

yield the following equation:

H?,c\ + //4^o = H\ [GJ — e2^ (CQ -f MI DI + M2D2)J -f //2^o (55)

where

—2m 16
G = —

(56)

Furthermore, as \z\ -> oo

Putting Eq. (42) into Eq. (56) and using the property with the knowl-
edge that for large |z|

X(z) f 2i€ml(z) f
ni JL X+(t)(t-z)

yield the following equations

Q) 4- NiCi = 0 (57)

(58)

After some algebraic manipulations, the final explicit forms are
obtained as

c\ =

M2Re[D2])

£
4

(59)

(60)

(61)

where Re and Im denote the real and imaginary part of the complex
functions, respectively.

There remains the determination of the angle € from the condition
that the resultant moment of the forces, acting on the inclusion from
the surrounding material, must vanish. The formula for this moment
was first given by Muskhelishvili3

M - -Re\ I i/,j(z) dz - zilfj(z) - zz(t>j(z)\ (62)

where the contour around the rigid inclusion C is taken in a clock-
wise direction. Since in the present case 02 (z) and ^2(2) are single
valued in 5", the resultant moment M0 about the origin becomes

= /te f (63)

Applying Eq. (63) and replacing C by a circle at a large distance
from the origin, one can have ^2 (z) for large \z\ the form

(64)
2n

where N is a real constant. Substituting Eq. (64) into Eq. (10),
near \z\ = 0 has the form

(65)
Inserting all coefficients into Eq. (43) and comparing Eqs. (43) and
(65), one has

Mn =
2mle

- cos6> + 2ft sin<9)] - e2ft0QLm[cQ]

+ M2Im[D2])-Im[*o] (66)

By putting M0 = 0, we have a equation for e. Now, all of the
coefficients appearing in Eqs. (37) and (38) are solved and the results
constitute a closed-form solution to the given problem. Consider a
special case when both the unit disk and the surrounding medium
are of the same material, the angle 6 from Eq. (66) can be obtained
in an explicit form

e = — /? sin2 0 sin 2q>
-cos#)

(67)
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For the limiting case of a small inclusion (9
reduces to

0), Eq. (67) further

(68)

which is in agreement with the result of a straight inclusion given
by Muskhelishvili.3

To examine the magnitude of the local stress field, the complex
stress singularity coefficients are computed in the present study. In
this work, the complex stress singularity coefficients at point b are
defined as

lim (z- z € L* (69)

Note that the definition of the stress singularity coefficients pres-
ented previously is different from that for line inclusion problem
given by Wang et al.4 In their paper, the stress singularity coefficients
associated with mode II deformation is calculated from a tensile load
which is applied parallel to the line inhomogeneity. Substituting
Eq. (7) into Eq. (69), the complex stress singularity coefficients are

.c— ' "JII —

exp({l(0 + TT) + /[(7T/2) - (0/2) + ft Iog(2sin0)]})

2m 16
(K2/K\)ot

(1 -2£/)si

D2e~ (70)

For a limiting case of homogeneous material, Eq. (70) becomes
/ cos(0/2)]

f — p sin3 9 sin2o)
x ————————— + a i / sin 9

4(1- cos 9)

pe2i(J)e~2i6

(71)

where
(/c — /c2) + /? sin2 0 cos 2&>

4(1 -cos 0-2/0
Consider a special case of small arc angle 0 and a> = 0 deg, Eq.
(71) further reduces to

8/c
(72)

It is seen that the mode I stress coefficient coincides with the result
given by Wang et al.4

IV. Concentrated Force Applying on the
Rigid Inclusion

Consider another case of loading condition that a concentrated
force FA + iFy applies on the inclusion at z = e'8, (\8\ < 0),
whereas the stress is zero at infinity (Fig. 3). This implies

- _ F>+iF>'
27T(H-/C2)

Analogous to the preceding procedures, all coefficients in Eqs. (37)
and (38) are given as

£> _ _
1 ~ e

= 0

(73)

(74)

Fig. 3 Circular-arc inclusion in bonded dissimilar materials under con-
centrated force acting on the inclusion surface.

Cl =

j [G + e2?e(-Im[R]

- R

(75)

(76)

(77)

where

From Eq. (63), the resultant moment of the forces acting on the
inclusion can be obtained as

2m 16

-f (78)

By putting MQ = Fy sin 5 — FA cos 5, the rotation 6 can be found
from Eq. (77), and then the problem is solved. Consider a special
case of homogeneous material, the rotation angle can be obtained
in an explicit form

(Fycos<5 - 2/c) -/ +cos6>)
-cos0)(l

(79)
It is understood that the angle 6 vanishes when the inclusion is under
symmetric loading, i.e., Fy = 0 and 5 = 0. Following the previous
procedures, the stress singularity coefficients can also be obtained
by substituting Eqs. (73-77) into Eq. (70). For a special case of
homogeneous material, the stress singularity coefficients at point b
are found to be

i cos(0/2)]

sin 9

| sin0(Fv cos 8 — -cosfl + 2/c)
27T(1 -COS0) (1+ /0

+cos0)]
2n(l -cos0)(l

/rfF- 4-/F.)
-(l+e

+ d2i sin 9

(80)
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where

+ cos<9) . (Fvcos5 — Fx sin 8)
27T(1+/0(1-COS 0-2/0

Consider the case of symmetric loading, i.e., Fy = 0 and 8 = 0, the
stress singularity coefficients in Eq. (80) further reduce to

Si - iSu =
4(1 +K\

2(1 -*) . . e—————— sin 9 cos -
cos6>-2/<: 2

-(1 + cos 0) sin- - ,2 1 -COS0-2/C

— (1 + cos 0) cos - /

sin 9 sin -

It is interesting to note that the mode I stress singularity coefficient
Si always takes to be negative value for any material property 1 <
K < 3 as the force Fx is applied on the rigid inclusion in the direction
away from the fiber.

V. Numerical Examples
To illustrate the solutions derived in the previous sections for the

fundamental nature of the circular-arc inclusion problem in bonded
dissimilar media, two typical examples of composite materials un-
der remote uniform load or concentrated force applied on a rigid
inclusion are considered in this article. Let the material of the sur-
rounding matrix be aluminum and the fiber be carbon or tungsten
whose material properties are listed in Table 1.

The rotation angle 6 of a rigid inclusion due to remote uniform
load for carbon/aluminum and tungsten/aluminum composites can
be determined from Eq. (66) and illustrated in Fig. 4. It is realized
that carbon/aluminum composite experiences much larger rotation
angle as compared to tungsten/aluminum composite since the fiber
of tungsten/aluminum composite is made more rigid than that of car-
bon/aluminum composite. Similar observations can also be found
for the case of concentrated force Fx applied on a rigid inclusion,
Fig. 5. The tractions along the interface for tungsten/aluminum com-
posite and carbon/aluminum composite are shown in Figs. 6 and 7,
respectively, with half-inclusion angle 9 = 50 deg and co = 0 deg.

Table 1 Topical properties of materials for composites

Properties

Shear modulus, GN/m2

Poisson's ratio
Composites
Oscillatory index ft

Fiber
Carbon Tungsten

82.8 165.6
0.2 0.3
Carbon/aluminum

-0.068

Matrix
Aluminum

27.2
0.33

Tungsten/aluminum
-0.067

' Carbon/Aluminum
0.2 - O O D O B Timgsten/Aluminum

0.1 -

0.0-

-0.1-

0 20 40 60 80 100 120 140 160 180
GJ (degree)

Fig. 4 Rotation angle vs load angle u under remote uniform load/? ;

1 N/m2 with half-inclusion angle 9 = 50 deg.

0.4 n

0.2 -

0.0-

-0.4

Carbon/Aluminum
Tungsten/Aluminum

-50-40-30-20-10 0 10 20 30 40 50
<5(degree)

Fig. 5 Rotation angle vs load angle 6 under concentrated force Fx
I Nm with half-inclusion angle 9 = 50 deg.

8.0 -|

4.0 -

S 2.0 :

-2.0

-4.0 | i i i i i i i i i i i . . . . . .
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<p(degree)

Fig. 6 Interface tractions for tungsten/aluminum composite with load
angle u; = 0 deg and half-inclusion angle 9 = 50 deg.

6.0 -3

8 5-
etf
| 4.0 -

•- 3.0 i

£ 2.0 -
(30
£ 1JD *••
cd
m o.o -

O

-2.0 -

-3.0 -

-4.0
-50 0 50 100 150 200 250 300 350

(̂degree)

Fig. 7 Interface tractions for carbon/aluminum composite with load
angle u> = 0 deg and half-inclusion angle 9 = 50 deg.

The dash and solid lines denote the shear and radial stresses, respec-
tively, and star symbols stand for the stresses on the outer side of
the inclusion surface. The results show that the magnitude of inter-
face tractions increases with the rigidity of the fiber. It is interesting
to note that a negatively singular traction or around the inclusion
tips occurs in both the bonded interface and the outer side of the
inclusion surface for each composite material whereas a positively
singular traction or is found to occur along the inner side of the
inclusion surface. However, the trend is reversed if the load angle
shifts from a> = 0 deg to co = 90 deg at which a positively singular
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rYp, crr/p
4.0 -

3.0 :

-50 0
I I I I I I I I I I I I I

50 100 150 200 250 300 350
(̂degree)

Fig. 8 Interface tractions for tungsten/aluminum composite with load
angle u> = 90 deg and half-inclusion angle 9 = 50 deg.
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Fig. 9 Interface tractions for carbon/aluminum composite with load
angle u> = 90 deg and half-inclusion angle 9 = 50 deg.

ar
+r/Fr, arr/Fx

crr~r/Fx

Trt~r/Fr

i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i > i i i i i > i i i
-50 0 50 100 150 200 250 300 350

^(degree)

Fig. 10 Interface tractions for tungsten/aluminum composite with load
angle 6 = 0 deg and half-inclusion angle 0 = 50 deg.

traction <jr prevails along both the bonded interface and the outer
side of the inclusion surface as indicated in Figs. 8 and 9. It must be
emphasized that the strength of a positively singular traction on the
inclusion surface is higher than that on the bonded interface. This
predicts that, depending on the load angle, either matrix splitting or
fiber splitting would occur along the inclusion surface as consider

-3.0-

———— ar r/Fx,

-*—*—*• crr r/Fx

«--*--« rrt"r/Fx

—4.0 - i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i i
-50 0 50 100 150 200 250 300 350

cp(degree)

Fig. 11 Interface tractions for carbon/aluminum composite with load
angle 6 = 0 deg and half-inclusion angle 0 = 50 deg.

in the present study. Similar phenomena can also be seen for the
case when the force Fx is applied on the rigid inclusion at its central
point (5 — 0 deg) in the direction away from the fiber as are shown
in Figs. 10 and 11. Consequently, it would lead to fiber splitting
along the inclusion surface if the sufficient force Fx is applied on
the rigid inclusion. Note that, based on dimensional analysis, the
magnitude of interface tractions is inversely proportional to the ra-
dius of the fiber when the force applied on the inclusion is kept to
be constant. Another interesting aspect is that the oscillatory be-
havior in tractions does not appear clearly in Figs. 6-11 inclusive.
Referring to Eq. (39), the oscillation is represented in p~2+ /^ or
cos(/J L p) ± i sin(/? L p), where p is the distance ahead or behind
of the inclusion tip. That is, if ft Pn p change 2n then the traction
will be able to have a cycle of oscillation. Referring to Table 1, the
oscillation index ft is so small that p must have the order of 10~40

to make the argument f> L p to increase or decrease 2n. This scale
is far beyond the assumption of the classical continuum mechanics.

VI. Conclusion
A general solution for the interface circular-arc inclusion be-

tween dissimilar isotropic materials has been obtained by apply-
ing the Hilbert problem formulation and the method of analytical
continuation. It shows that the stress field exhibits p~2+'P singu-
larities near the inclusion tips which are exactly the same as the
case of a line inclusion problem. Numerical examples of compos-
ite materials under remote uniform load or concentrated force are
considered. There are several remarks on these numerical results.
In general, the magnitude of the tractions along the interface in-
creases with the rigidity of the fiber. Furthermore, the strength of
a positively singular traction on the inclusion surface is always
higher than that on the bonded interface which suggests that ei-
ther matrix or fiber splitting along the inclusion surface, depend-
ing on the loading conditions, would be a dominate failure mode,
as considered in the present study. Finally, the oscillatory behav-
ior in tractions around the inclusion tip is discussed and found
to be negligible from the classical continuum mechanics points of
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